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Thermal Modeling of Porous Insertion Electrodes
Karen E. Thomas* ,z and John Newman**

Energy and Environmental Technologies Division, Lawrence Berkeley National Laboratory, and Department
of Chemical Engineering, University of California at Berkeley, Berkeley, California 94720, USA

Isothermal calorimetry was performed on LiuLiPF6 in ethylene carbonate:dimethyl carbonateuLiAl 0.2Mn1.8O42dF0.2 cells. The
measured rate of heat generation varied substantially with time. To understand why, we investigated the entropy, irreversible
resistance, and heats of mixing. Two methods for computing the heat of mixing, one computational and one analytic, are derived.
We demonstrate how the energy balance of Rao and Newman accounts for heat of mixing across electrodes, but neglects heat of
mixing within particles and in the electrolyte, which may be of equal magnitude. In general, the magnitude of the heat of mixing,
which is the amount of heat released during relaxation after interruption of the current, will be small in materials with transport
properties sufficiently high to provide acceptable battery performance, with the possible exception of heat of mixing within the
insertion particles if the particle radius is large. Comparing simulations of heat generation to calorimetry measurements reveals
that the entropic heat is significant and accounts for much of the variation of the rate of heat generation. The rate of irreversible
heat generation is larger when the open-circuit potential varies steeply with lithium concentration, because of diffusion limitations
within the solid.
© 2003 The Electrochemical Society.@DOI: 10.1149/1.1531194# All rights reserved.
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The risk of thermal runaway is currently one of the major saf
concerns confronting development of lithium batteries for elec
vehicles.1 Accurate modeling of heat generation will be instrumen
in addressing this concern on two fronts. On the research side,
rimetry of experimental cells can provide valuable informati
about how heat is generated in the main reaction and in unwa
side reactions, if accurate models are available for interpreting
data. On the development side, a properly designed thermal m
agement system will be essential to prevent overheating and un
heating across a large battery stack, which can lead to degrada
mismatch in cell capacity, and, potentially, thermal runaway.2 De-
sign of the thermal management system requires knowledge o
amount of heat that will be generated by cells within the stack.

Two features of the lithium-ion battery, the use of insertion el
trodes and the use of these materials in a porous configuration
of particular importance for the energy balance. In an insertion
action, lithium forms a solid solution with the host matrix. Th
chemical potential of lithium in the insertion compound~and there-
fore the open-circuit potential OCP,U! varies nonlinearly with
lithium concentrationy. In addition, the entropy of reaction,DS,
also varies with the lithium concentration in the lattice. Batteries
practical application usually utilize porous electrodes, because
configuration increases the surface area available for reac
thereby increasing the amount of current that can be passed thr
the electrode for a given mass of active material. It also leads
nonuniform reaction rate across the electrode, and thus nonuni
lithium concentration.

As shown in the following, measurements of the rate of h
generation from a lithiumudoped lithium manganese oxide cell r
vealed that the rate of heat generation varied substantially with
over the course of charging and discharging. Heat can be gene
from resistive dissipation, the entropy of the cell reaction, hea
mixing, and side reactions. In this work, we investigate how each
the first three of these terms could cause the rate of heat gener
to vary with time. We present simulations of the irreversible a
entropic heat, and compare these simulations to calorimetric m
surements. Methods are presented to calculate the magnitude o
heat of mixing. From their high current efficiency and stable res
tance over several cycles, the cells used are not believed to
significant side reactions, and this aspect is not considered in
work.

Heat of mixing in porous insertion electrodes has not be
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treated in detail previously. Bernardiet al.3 present a completely
general energy balance for an electrochemical system, assu
only that the temperature is uniform and neglecting effects of p
sure. The energy balance includes electrochemical reaction, he
mixing, phase change, and change in heat capacity. The author
in mind a main reaction that was a phase-change reaction, and t
fore do not explicitly discuss heat of mixing effects within the ele
trode, although such effects are implicitly present in their heat
mixing term. Lithium-ion batteries use insertion electrodes, wh
are solid solutions. Since concentration gradients develop within
particles of insertion material during passage of current, and
partial molar enthalpy does vary with lithium concentration, the
will be heat of mixing in these materials. Rao and Newman4 at-
tempted to develop an energy balance which accounts more ex
itly for the fact that potential varies with lithium concentration
insertion compounds. However, as is shown in the following, th
do not treat heat of mixing consistently. Their final equation~their
Eq. 17! includes heat of mixing across a porous electrode, but
within the spherical particles of insertion material or in the elect
lyte. Since these different components of heat of mixing may all
of equal magnitude but of possibly different sign, depending on
variation of the partial molar enthalpy with composition and on t
magnitude of concentration gradients formed in each pha
including only one component of heat of mixing in the ener
balance is not consistent.

In the section on Derivation of a general energy balance,
rederive the energy balance for an electrochemical system in o
to understand fully the assumptions implicit in the work of Rao a
Newman, focusing in particular on the heat of mixing terms, a
show how to calculate the heat of mixing terms in a full-ce
sandwich model. In the section on Estimation of the magnitude
heat of mixing, we derive approximate solutions for the magnitu
of the heat of mixing, and present estimates of the different com
nents of heat of mixing. We find that for a battery well designed
mitigate concentration overpotential, heat of mixing is negligible.
the section on Measured and simulated heat generation, we pr
simulations of the irreversible and entropic components of heat g
eration, and compare the simulations to calorimetry experime
Finally, we discuss why the rate of irreversible heat generation
ies with time during discharge and charge of an insertion electro

Methods

Cell.—2325 ~23 mm outer diam, 2.5 mm high! stainless steel
coin cells were obtained from Telcordia. The cells consisted o
porous positive insertion electrode, an electrolyte of 1 M LiPF6 in
1:1 ethylene carbonate:dimethyl carbonate~EC:DMC!, a Celgard
no. 3401 surfactant-coated porous polypropylene separator, a
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lithium-metal negative electrode. The positive electrode conta
LiAl 0.2Mn1.8O42dF0.2 spinel mixed with 7 wt % carbon and 10.6 w
% poly~vinylidene fluoride-hexafluoropropylene!. Table I shows the
dimensions of the coin cells, as measured by Telcordia.

Calorimetry.—Calorimetry was conducted in a Hart model 42
isoperibol heat-conduction microcalorimeter accurate to62 mW.
For noise reduction, the voltage signal is compared via a differen
amplifier to the signal from a reference chamber containing
dummy cell. In this work, the dummy cell was of identical constru
tion to the test cells except that it contained stainless steel ins
of the active materials. The dimensions of the sample cham
(1.8 3 4.6 3 5.0 cm! are larger than the dimensions of the ce
To reduce the time lag between generation of heat and detectio
the signal at the thermopile, the cell was encased in a copper
packed with copper shot. The dimensions of the box were a
millimeters smaller than the dimensions of the sample chamber.
cell was wrapped with one layer of polyethylene to prevent elec
cal contact with the thermopile.

With the copper packing, the time constant~thermal response
time! of the calorimeter was approximately 300 s. The he
generation signal detected by the thermopile is a Laplace conv
tion of the actual rate of heat generation

M ~ t ! 5 E
0

t

Q̇~t! f ~ t 2 t!dt @1#

whereM is the signal measured by the thermopile at timet, Q̇ is the
actual rate of heat generation at timet, and f is the normalized
response of the calorimeter to a known Dirac delta function inpu
this case a 10 s current pulse through a resistor enclosed in a
cell case. The response was found to be reproducible and norm
able to the log-normal distributionf (t) 5 0.5/t exp$20.76@ ln(t)
2 4#2% wheret is time in seconds.

The convolution integral can be solved analytically forQ̇ only
for a few restricted cases of the response function~such as simple
exponential decay!. The measured response function is not suc
case. Given that the purpose of this investigation is to comp
simulated heat generation with calorimetry data, there are
choices: add a time lag to the simulated heat generation, by num
cally evaluating the convolution integral with the measured respo
function, or attempt to deconvolute the measured heat gener
using an approximate response function and numerical differen
tion. The former path adds less error and is used in this work. In
following sections unless otherwise noted, all calorimetry data
uncorrected for the time lag, and a time lag has been added to
simulated heat generation using Eq. 1.

The calorimeter has an offset that ranged between620 mW. The
offset could not be correlated with cell state of charge, room te
perature, or time of day. Before and after each experiment, the
was allowed to rest until the calorimeter showed a constant va

Table I. Dimensions of the coin cells used in calorimetry experi-
ments.

Negative Electrode
Li foil thickness ~mm! 750

Separator
Area ~cm2! 1.0
Thickness~mm! 25.4
Porosity 0.47

Positive Electrode
Thickness~mm! cell 073 181

cell 076 174
Average particle radius~mm! 20
Active material volume fraction 0.4188
Porosity 0.368
Binder plus conductive filler volume fraction 0.2132
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This offset was then subtracted from the data. For this reason
calorimeter could not be used to determine any heat generation
side reactions while the cell was at rest.

Electrochemical model.—The electrochemical model dualfoil.
was developed by Doyleet al.5 It solves for the six dependent var
ables electrolyte concentration, electrolyte potential, solid conc
tration, solid potential, reaction rate, and local current density,
solving the six governing equations using the finite-difference al
rithm BAND~j!6 and the Crank-Nicholson time-step method. T
governing equations are based on porous electrode theory and
centrated electrolyte theory and consist of a mass balance on
electrolyte including migration, diffusion, and reaction; Ohm’s la
in the electrolyte including the diffusion potential and the variati
of the electrolyte resistivity with concentration; mass balance on
lithium in the solid active material using Duhamel’s superpositi
integral, which assumes a constant solid diffusion coefficient; Oh
law in the solid electrode matrix; Butler-Volmer kinetics; and co
servation of current.7,8 Necessary transport, kinetic, and thermod
namic parameters for the model were obtained from the literat
and are shown in Table II. The OCP and entropy of reaction for
electrode material examined in this study were measured in Re

Thought Experiment: Heat of Mixing

Before examination of the mathematical derivation of the ene
balance, consider a thought experiment that has the general fea
which we are trying to derive. The energy balance commonly u
in the literature to describe electrochemical systems is

Q̇ 5 I S V 2 U 1 T
]U

]T D 1 Cp

dT

dt
@2#

whereQ̇ is the rate of heat transferred from the surroundings to
system,I is the current~positive on discharge!, V is the cell poten-
tial, U is the thermodynamic~open-circuit! potential evaluated at the
average state of charge in the electrodes,T is the temperature, and
Cp is the heat capacity.3,10,11We assume that the assumptions of on
one main electrochemical reaction and constant heat capacity,
plicit in this equation, are valid. Also we imagine that the system
thermally thin and immersed in some large, constant-tempera
bath, so that we need not keep track of the heat-capacity term
only the rate of heat exchange with the bath. If we pass cur
through the system, by this equation, heat will be generated. If
suddenly turn off the external current, by this equation, genera
of heat will cease the instant the current is set to zero. However
know from experience with calorimetry that this is not the ca
after the current is turned off, some amount of heat continues to
released~or even, in some cases, absorbed!. Why?

To answer this question, consider why heat is generated at a
an electrochemical system. If current were passed infinitesim
slowly, then the cell would remain at equilibrium,i.e., V would be
the same asU, and the only heat generated would be the revers
heat of reaction,IT]U/]T 5 TdS/dt, whereS is the total entropy
of the system. This heat can be either exothermic or endother
depending on the entropy of reaction and direction of current.

In reality, the current is nonzero, and the cell voltage is displa
from its equilibrium potential because of the resistance in the ce
the passage of current. The rate of energy lost to resistive dissipa
is thereforeI (V 2 U). This heat is always exothermic.

In addition, there is a resistance to mass transport in the sys
leading to the formation of concentration gradients as ions
moved through the electrolyte from one electrode to the other an
products are formed by electrochemical reaction at the interface
tween the electrolyte and particles of insertion material. When
current is turned off, these concentration gradients relax, and
relaxation is accompanied by an observable heat effect. Thus, he
exchanged during formation of concentration gradients as curre
passed, and an equal and opposite amount of heat is exchanged
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Table II. Physical properties used in the model simulations. The positive electrode is LiAl0.2Mn1.8O4ÀdF0.2, the electrolyte is LiPF6 in EC:DMC,
and the negative electrode is lithium metal.

Parameter Value Reference

Positive Electrode
Coulombic capacity of active material 149 mAh/g Based ony ranging from 0 to 1
Density of active material 4280 kg/m3 34
Electronic conductivity of composite electrode material 3.8 S/m 35
Solid diffusion coefficient 8.4 3 10214 m2/s See the section Measured and simulated

heat generation
Exchange current density 0.1 mA/cm2 30, 1 M reference concentration
aa , ac 0.5 No data available

Electrolyte
Ionic conductivity 0.09111 1.9101c2 1.052c2 1 0.1554c3 S/m 7,c is salt concentration in molarity
Salt diffusion coefficient 5.3363 1026 exp(20.7c) cm2/s 36
t1
0 0.4 36

Thermodynamic factor 11 d ln f6 /d ln c 1.0 No data available

Negative Electrode
Exchange current density 3.1 mA/cm2 37, 1 M reference concentration
aa , ac 0.5 38, 39
Film resistance 5V cm2 See the section on Measured and simulat

heat generation
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relaxation of those gradients. This heat is termed the heat of mix
and it is this heat which is observed as the heat of relaxation a
the current is turned off.

Equation 2 does conserve energy. However, by the argum
given above, it does not correctly describe when heat is gener
because it ignores heat involved in formation of concentration g
dients.

There are several processes which contribute to the forma
and relaxation of concentration gradients. In a porous electrode
current distribution is not always uniform. In general, the rate
reaction is higher on the side of the electrode adjacent to the s
rator than it is on the side adjacent to the current collector. T
nonuniform current distribution leads to a gradient in inser
lithium concentration across the porous insertion electrode. In a
tion, the distributed reaction coupled with finite rates of mass tra
fer across the separator and electrodes leads to concentration
ents in the electrolyte. Finally, since an electrochemical reaction
occur only at the interface between the electrode and the electro
concentration gradients form within the particles of insertion co
pounds and within the electrolyte-filled pores of the poro
electrode.

When the current is turned off, the concentration gradients re
Since potential varies with concentration, in both the electrolyte a
more significantly, in the insertion compound, the concentration g
dients create internal driving forces for electrochemical reactio12

These internal currents redistribute the lithium across the elect
after the current is turned off, and are one mechanism for relaxa
of concentration gradients. In addition, concentration gradients r
by diffusion within the solid particles and across the electrolyte.

Thus, there are four components of heat of mixing, across
insertion electrode due to nonuniform current distribution, across
electrolyte due to mass transfer, and radially both within the p
ticles of insertion material and within the electrolyte-filled por
because the electrochemical reaction occurs at the interface bet
electrode and electrolyte. The energy balance of Rao and New
accounts for only the first of these terms. In the following sectio
we derive mathematical formulations for these terms, and estim
their relative magnitudes.

Derivation of a General Energy Balance

Our goal is to obtain an energy balance for a system compr
of a porous insertion electrode, separator, and either another i
tion electrode or some other kind of counterelectrode such as lith
foil, and to formulate the energy balance in such a way that it can
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conveniently incorporated into a full-cell-sandwich simulation. T
derivation of the energy balance begins with the first law of therm
dynamics

dU 5 dQ 2 dW @3#

whereU is the internal energy,Q is the heat added to the system, a
W is the work done by the system on the surroundings. Enthalp
defined asH 5 U 1 PV, where P is the pressure andV is the
volume of the system. Work can be divided into pressure-volu
work and other work such as electrical, magnetic, or gravitation

dW 5 PdV 1 dW8 @4#

In our case, we are interested in electrical work, and neglect m
netic and gravitational work. The rate of electrical work is defin
by

Ẇ8 5 IV @5#

Then if the surroundings are at constant pressure, we can rewrit
first law as

dH

dt
5 Q̇ 2 IV @6#

For a system of nonuniform composition and multiple pha
containing multiple species, we express the enthalpy of the sys
as

H 5 E (
j

(
i

cijH̄ ijdv @7#

where the summation is over all species i in phases j;cij is the
concentration of species i and is a function of position and time;H̄ ij
is the partial molar enthalpy, which is a function of compositio
pressure, and temperature; and the integral is over the entire vo
of the system. Taking the total derivative with respect to time yie

dH

dt
5 E (

j
(

i

]~cijH̄ ij !

]t
dv 1 R (

j
(

i
cijH̄ iju•dS

@8#
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The second term on the right side arises if the total volume of
system is not constant, because in that case the limits of the inte
depend on time.u is the velocity of the boundary, anddS is a
differential area of the surface of the system. The change in vol
will depend on the molar volumes of the reactants and products
dependence of the molar volumes on temperature and pressure
also on the mechanical properties of the system’s container.
materials of interest for lithium batteries, changes in the volume
the system are small. Consistent with our neglect of press
volume work, we neglect changes in system volume and thus
glect the last term in Eq. 8.

Expanding the differential in the first term yields

E (
j

(
i

]~cijH̄ ij !

]t
dv 5 E (

j
(

i
F H̄ ij

]cij

]t
1 cij

]H̄ ij

]t Gdv

@9#

We can use the Gibbs-Duhem equation to replace the t
*( ici]H̄ i /]tdv with terms involving changes in pressure and te
perature

(
j

(
i

cijdH̄ij 5 r
]Ĥ

]T
dT 1 r

]Ĥ

]P
dP @10#

whereĤ is the enthalpy per unit mass andr is the density.
Combining Eq. 8, 9, and 10 gives

Q̇ 2 IV 5 E S r
]Ĥ

]T

]T

]t
1 r

]Ĥ

]P

]P

]t D dv

1 E (
j

(
i

H̄ ij

]cij

]t
dv @11#

Because the partial molar enthalpies of liquids and solids are w
functions of pressure, we neglect the pressure term. For sys
with gaseous components whose pressure changes over the c
of operation of the system, one may wish to retain this term i
manner similar to the heat-capacity term, as described below.

The first term on the right of Eq. 11 involves the change
temperature integrated over the volume of the cell, which requ
knowledge of the temperature as a function of position. Calcula
of temperature as a function of position would require a differen
energy balance. Integrating this differential energy balance over
volume of the system would yield the total rate of heat genera
for the system, which is what is calculated by the integral ene
balance presented in this work. The differential energy bala
would include heat generation as a function of position from ohm
resistance and heat of mixing in the bulk of a phase as wel
kinetic resistance and reversible heat of reaction at the inter
between the electrolyte and electrode particles. Soret-Dufour ef
would also contribute to the spatial distribution of heat and ma
although they are generally negligible. The differential energy b
ance would be coupled to the other differential equations, suc
mass balances, kinetic relations, and Ohm’s law, governing flu
mass and charge in the system.

Most lithium-ion cells are very thin, usually less than 300mm,
and the electrodes are good thermal conductors. The cells are
thermally thin ~Biot number, equal tohL/k, where h is the heat
transfer coefficient,L is the thickness of the cell, andk is the effec-
tive thermal conductivity of the cell, is less than 0.1!, and the tem-
perature can be considered uniform. Therefore, we assume tha
temperature is uniform~although it may change with time!. This
aspect greatly simplifies the calculations, because one can u
single integral equation to calculate the rate of heat generation
stead of a coupled partial differential equation.

The reversible heat generated at an electrode/electrolyte jun
by electrochemical reaction is equal to the Peltier coefficientP mul-
tiplied by the current.P/T is equal to the change in partial mola
e
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entropy of the half-cell reaction plus terms which relate to the int
action between heat and mass transport in the electrode~i.e., the
thermocouple or electronic Seebeck effect! and the electrolyte~i.e.,
the Soret effect!.13-15 The contribution from partial molar entropie
is generally much larger than the contribution from transport-rela
terms.

The Peltier coefficients of the positive and negative electro
are related to the entropy of reaction for the whole cell,]U/]T
5 DS/nF, by ]U/]T 5 (P2 2 P1)/T, as the transport-related
terms ~often called entropies of transport! cancel if the same elec
trolyte and metal leads are used in each half cell.16 Thus if one is not
concerned with distinguishing how much heat is produced in e
half-cell, the reversible heat for the whole cell can be calcula
simply from the entropy of reaction.

In large batteries, such as might be used in an electric veh
the length scale parallel to the electrodes may be much larger
the length scale perpendicular to the electrodes. In this case,
perature gradients parallel to the electrodes may be significant,
though temperature gradients across the cell are still negligible.
can use the integral energy balance presented here over the dire
perpendicular to the electrodes to calculate the local rate of
generation, which can then be inserted into a standard differe
heat-transfer equation to calculate the temperature profile parall
the electrodes, as reviewed in Ref. 8 and 17.

With the assumption that temperature is independent of posit
one can takedT/dt outside of the integral. SubstitutingĤ
5 ( in̂iH̄ i yields

E r
]Ĥ

]T

dT

dt
dv 5

dT

dt E r
]~( in̂iH̄ i!

]T
dv @12#

After one expands the differential, recognizing that]H̄ i /]T is equal
to the partial molar heat capacityC̄pi

, that the partial derivative is a

constant pressure and composition, and thatn̂i 5 ci /r, the heat-
capacity term becomes

E r
]Ĥ

]T

dT

dt
dv 5

dT

dt E rĈpdv 5
dT

dt E (
j

(
i

cijC̄pij
dv

5 Cp

dT

dt
@13#

Equation 13 can be used when the variation of heat capacity
state of charge is of interest. In many cell chemistries, assuming
the heat capacity is constant introduces little error. For convenie
we refer to this term asCpdT/dt for the remainder of the derivation

The general energy balance at this point is

dH

dt
5 Q̇ 2 IV 5 E (

j
(

i
H̄ ij

]cij

]t
dv 1 Cp

dT

dt
@14#

The only assumptions are uniform temperature, neglect of pres
effects, and constant system volume. No spatial averaging other
that implicit in defining a continuum-scale concentration has b
used to obtain this equation.

The first term on the right includes enthalpy changes due
reaction and mixing. DefineH̄ ij

avg to be the partial molar enthalpy
evaluated at the volume-averaged concentration at any point in t
Then this term becomes
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E (
j

(
i

H̄ ij

]cij

]t
dv 5 (

j
(

i
H̄ ij

avgE ]cij

]t
dv

1 E (
j

(
i

~H̄ ij 2 H̄ ij
avg!

]cij

]t
dv

5 (
j

(
i

H̄ ij
avg

dnij

dt
1 E (

j
(

i

3 ~H̄ ij 2 H̄ ij
avg!

]cij

]t
dv @15#

wherenij is the number of moles of species i in phase j present in
system.

As the system is a closed system, the number of moles
species can change only by reaction, either by l electrochem
reactions or by k chemical reactions

dnij

dt
5 (

l

si,lI l

nlF
1 (

k
si,kr k @16#

where I l is the amount of the total current passed through elec
chemical reaction l,r k is the rate of chemical reaction k,si,l is the
stoichiometric coefficient of species i in reaction l, andnl is the
stoichiometric coefficient of electrons in reaction l. Chemical re
tions may include precipitation, solvent volatilization, or homog
neous decomposition of the electrolyte or electrode.18 One substi-
tutes this expression fordnij /dt to obtain

(
j

(
i

H̄ ij
avg

dnij

dt
5 (

j
(

i
(

l
H̄ ij

avg
si,lI l

nlF

1 (
j

(
i

(
k

H̄ ij
avgsi,kr k @17#

The enthalpy potentialUHl
of an electrochemical reactio

( isi,lM i
zi 5 nle

2 with respect to a reference electrode can be writ

UHl
5 2(

i
(

j

si,l

nlF
H̄ ij 1 (

i
(

j

si,ref

nrefF
H̄ ij,ref @18#

where thesi values are positive for products of a reaction written
the cathodic direction and ref indicates the reference electr
Similarly, for any chemical reactions( isi,kM i

zi 5 0 that might be
present in the system

DHk
avg 5 (

i
si,kH̄ ij

avg @19#

where DHk
avg is the enthalpy of reaction for chemical reaction

evaluated at the volume-average composition in the cell. Subst
ing Eq. 18 and 19 into Eq. 17, one obtains

(
j

( H̄ ij
avg

dnij

dt
5 2(

l
I lUH,l

avg 1 (
l

I lUH,ref 1 (
k

DHk
avgr k

@20#

By conservation of electrical charge, the net current into o
electrode is equal and opposite to the current into the other e
trode. Then, if the same reference electrode is used for each
trode, the term involvingUH,ref cancels, and

(
j

(
i

H̄ ij
avg

dnij

dt
5 2(

l
I lUH,l

avg 1 (
k

DHk
avgr k @21#
e

a
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-
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c-
c-

The enthalpy potential is related to the OCP and the entropy
reaction byUH,l 5 U l 2 T]U l /]T. Then our final form of the en-
ergy balance is

Q̇ 5 S IV 2 (
l

I lU l
avgD 1 (

l
I lT

]U l
avg

]T
1 Cp

dT

dt

1 (
k

DHk
avgr k 1 E (

j
(

i
~H̄ ij 2 H̄ ij

avg!
]cij

]t
dv

@22#

The first term on the right side is the irreversible resistive heati
caused by the deviation of the cell potential from its equilibriu
potential by the resistance of the cell to passage of current.
second term is the reversible entropic heat, the third is the h
capacity, the fourth is heat change by any chemical reactions
may be present in the cell, and the last term is the heat of mixing
this manner, we have separated the reaction and mixing term
terms for electrochemical and chemical reaction and heat of mix

As discussed earlier, this energy balance applies only to the
tire cell; it cannot predict where the heat is generated inside the
This is because the energy balance as derived uses]U/]T of each
electrode measured with respect to the same yet nevertheless
trary reference electrode instead of Peltier coefficients of individ
electrodes, and because the resistive losses appear in a single
I (V 2 U). Therefore, this energy balance cannot be used to de
mine whether the anode or the cathode produces more heat.

For the purpose of including the energy balance in a full-ce
sandwich simulation of the cell performance, one may find it co
venient to divide the heat of mixing terms into separate terms
each of the four components of heat of mixing.

Consider a local average concentration within the electr
phase, averaged over a small volume that may include several
ticles of insertion material. This local average concentration w
change only by electrochemical reaction

]e insertion̂ ci&
]t

5 a j i,n @23#

where the volume fractione is needed in the equation because t
concentration is averaged over a small volume that may con
several phases,a is the surface area per unit volume, andj i,n is the
rate of production of species i per unit surface area due to elec
chemical reaction. Then the term for heat of mixing due to conc
tration gradients across the insertion electrode is

E (
i,electrode phases

~^H̄ i& 2 H̄ i
avg!a j i,ndv @24#

For an insertion compound we can relate the partial molar enth
of the inserted lithium to the enthalpy potential by Eq. 18. Then
term for heat of mixing across the electrode is

E ~^UH& 2 UH
avg!Fa jndv @25#

if the enthalpy potential of each electrode is defined with respec
the same reference electrode. Adding this term to Eq. 22 makes
energy balance equivalent to that of Rao and Newman. Note
^UH& is the enthalpy potential evaluated at the local average c
centration. For a one-dimensional~1-D! model, this concentration is
that averaged over the cross-sectional plane of the electrode, a
computed from the total amount of reaction that has occurred in
plane.

Because of this averaging, the heat of mixing within the partic
is not included in Eq. 25. The heat of mixing within the particles
insertion material can be calculated by
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E (
i,insertion phases

~H̄ i 2 ^H̄ i&!
]ci

]t
dv @26#

This integral must be performed over the volumes of the spher
particles, at each point across an electrode. Thus evaluation o
term in a full-cell-sandwich simulation requires a pseudo 2-D mo
to store the radial concentration profile within the particles.

The heat of mixing across the electrolyte can be calculated

E (
i,electrolyte phase

~^H̄ i& 2 H̄ i
avg!

]e^ci&
]t

dv @27#

The calculation of the rate of heat of mixing requires knowledge
H̄ ij 2 H̄ ij

avg as a function of concentration. For the electrolyte

H̄salt 2 H̄salt
avg 5 2nRT2

]

]T S ln
f 6

f 6
avgD @28#

The heat of mixing radially within the pores is given by

E (
i,electrolyte phase

~H̄ i 2 ^H̄ i&!
]ci

]t
dv @29#

This term is difficult to evaluate, because the actual pores ha
random geometry. Porous electrode theory implicitly averages o
the radial concentration within the pores. As shown below, for pr
tical systems the radial concentration gradients within the pores
negligibly small.

Estimation of the Magnitude of Heat of Mixing

As shown in the previous section, complete calculation of
heat of mixing requires a complicated integral. The heat of mixin
usually small compared to other heat effects such as entropic
resistive heating. However, it is useful to have an estimation of
magnitude of the heat of mixing in cases where large concentra
gradients are expected to be produced, such as under passag
high current density in an electrolyte with poor transport proper
and a strong dependence of partial molar enthalpy on concentra
If the magnitude of the heat of mixing is significant for the syste
of interest, then one can use the full energy balance developed i
previous section to calculate when this heat is generated. Her
present an analysis of the magnitude of the heat of mixing effec
a two-component system. First, an expression for the enthalpy o
system in terms of the partial molar enthalpy and concentration
file of one species is obtained by introducing a Taylor expansion
the enthalpy of the system. Then, expressions are presented fo
concentration profiles across the electrode, within particles of ac
material, across the electrolyte, and within the pores, in orde
obtain approximate comparisons of the magnitude of the hea
mixing effect in each of the four components of heat of mixin
Finally, we present calculations for two cells, one with a liqu
electrolyte and one with a polymer electrolyte.

Consider the situation in which a concentration gradient ex
across a solution of two components, A and B, and the concentra
gradient is allowed to relax to a uniform concentration ofcA,` and
cB,` . Although the previous section regarded the rate of heat g
eration from heat of mixing, here we regard the total amount of h
released over the time it takes to relax the concentration grad
The solution could be a liquid solvent with a dissolved salt or a so
solution of an insertion compound and the inserted species.
derivation applies equally to the reverse case in which a conce
tion profile is formed in an initially uniform solution, although tha
case is more complicated because reaction occurs simultane
with formation of concentration gradients. The magnitude of
heat released upon relaxation of gradients is equal and oppos
the magnitude of the heat involved in formation of those gradie
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The total enthalpy of the solution at any time is the sum of
partial molar enthalpies of the components integrated over the
ume of the system

H 5 E ~cAH̄A 1 cBH̄B!dv @30#

Partial molar enthalpy is a function of temperature, pressure,
composition. We then expand the partial molar enthalpy in a Tay
series about temperature, pressure, andcA

H̄A 5 H̄A,` 1
]H̄A

]cA
U

`

~cA 2 cA,`! 1
1

2

]2H̄A

]cA
2 U

`

~cA 2 cA,`!2

1
]H̄A

]T
U

`

~T 2 T`! 1
]H̄A

]P
U

`

~P 2 P`! @31#

and

H̄B 5 H̄B,` 1
]H̄B

]cA
U

`

~cA 2 cA,`! 1
1

2

]2H̄B

]cA
2 U

`

~cA 2 cA,`!2

1
]H̄B

]T
U

`

~T 2 T`! 1
]H̄B

]P
U

`

~P 2 P`! @32#

where the reference state is that of the uniform solution after
concentration gradients have relaxed. For solids and liquids, we
neglect derivatives with respect to pressure. We assume the tem
ture is uniform. The second-order term in concentration is retai
because, as shown below, it yields a term of the same orde
magnitude as the first-order term. Higher-order terms are negle
in this approximate analysis.

The enthalpy of the final, uniform state isH` 5 nAH̄A,`

1 nBH̄B,` , wherenA is the total moles of species A present in th
system. The change in enthalpy from the initial, nonuniform state
the final state is then given by

H 2 H` 5 E F ]H̄A

]cA
U

`

cA~cA 2 cA,`!

1
]H̄B

]cA
U

`

cB~cA 2 cA,`!Gdv

1 E F1

2

]2H̄A

]cA
2 U

`

cA~cA 2 cA,`!2 1
1

2

]2H̄B

]cA
2 U

`

3 cB~cA 2 cA,`!2Gdv

1 S nA

]H̄A

]T
U

`

1 nB

]H̄A

]T
U

`
D ~T 2 T`! @33#

The last term is the heat-capacity term

S nA

]H̄A

]T
U

`

1 nB

]H̄A

]T
U

`
D ~T 2 T`! 5 Cp`~T 2 T`! @34#

Since cA,` is the volume-average concentration in the syste
*(cA 2 cA,`)dv 5 0. Equation 33 can be manipulated to becom
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DH 5 E F ]H̄A

]cA
U

`

~cA 2 cA,`!2

1
]H̄B

]cA
U

`

~cB 2 cB,`!~cA 2 cA,`!Gdv

1 E F1

2

]2H̄A

]cA
2 U

`

cA,`~cA 2 cA,`!2 1
1

2

]2H̄B

]cA
2 U

`

3 cB,`~cA 2 cA,`!2Gdv 1 Cp`DT @35#

where we have neglected terms of order (Dc)3. We can relatecB to
cA in our two-component system by19

cB 2 cB,` 5 2
V̄A,`

V̄B,`

~cA 2 cA,`! @36#

Similarly, we can use the Gibbs-Duhem equation to relate]H̄B /]cA

to ]H̄A /]cA by

]H̄B

]cA
5 2

cA

cB

]H̄A

]cA
5 2

cAV̄B

1 2 cAV̄A

]H̄A

]cA
@37#

Combining Eq. 35, 36, and 37 produces

DH 5 Cp`DT 1 F 1

cB,`V̄B,`

]H̄A

]cA
U

`

1
cA,`

2

]2H̄A

]cA
2 U

`

1
cB,`

2

]2H̄B

]cA
2 U

`
G E ~cA 2 cA,`!2dv @38#

By taking the derivative of Eq. 37 with respect tocA and neglecting
the dependence of the partial molar volumes on concentration,
can show that

cA,`

2

]2H̄A

]cA
2 U

`

1
cB,`

2

]2H̄B

]cA
2 U

`

5 2
1

2cB,`V̄B,`

]H̄A

]cA
U

`

@39#

Finally, we obtain

DH 5
1

2cB,`V̄B,`

]H̄A

]cA
U

`

E ~cA 2 cA,`!2dv 1 Cp`DT @40#

The assumptions used to derive this equation were the use
second-order Taylor expansion for the partial molar enthalpy,
glect of the effect of pressure, neglect of the change in density
temperature, and neglect of the effect of the dependence on con
tration of the partial molar volumes on the second derivative of
partial molar enthalpy.

Equation 40 allows us to calculate the heat of mixing involved
relaxation or formation of any known concentration profile, requ
ing only data for]H̄A /]cA . The sign of the heat of mixing depend
solely on the sign of]H̄A /]cA . If ]H̄A /]cA is positive, then the
relaxation of concentration gradients is an exothermic process
the following sections we derive expressions for the four com
nents of heat of mixing in a porous insertion electrode by obtain
analytic approximations for the concentration profiles. To simp
the equations, we imagine that the cell is in contact with a la
temperature bath, so thatDT 5 0, and we calculate the amount o
heat that is exchanged with the bath.

Heat of mixing within spherical particles.—The active material
in lithium-ion batteries usually can be treated as spherical partic
Electrochemical reaction occurs at the surface of the spheres. W
e

a
-
h
n-

n
-

s.
ile

the rate of reaction in some cases may vary with time, in ma
situations the rate of reaction at the surface of the particle is appr
mately constant with time. In this case, an analytic solution to
concentration profile within the particle, after an initial transient,
easily obtained. The pseudo-steady-state concentration profile
spherical solid solution can be described by

]cs

]t
5 Ds

1

r 2

]

]r S r 2
]cs

]r D 5 constant @41#

whereDs is the diffusivity~assumed to be constant! of lithium in the
solid. The boundary conditions are that electrochemical reaction
curs at the surface of the particle and the concentration is finit
r 5 0

Ds

]cs

]r U
r5R

5 2
in
F

]cs

]r U
r50

5 0 @42#

wherei n is the current density at the surface of the sphere andR is
the radius. This equation has the solution

cs 2 cs,̀ 5 S r 2

R2 2
3

5DDcs @43#

wherec` is the volume-average concentration to which the sph
relaxes andDc is the difference in concentration between the s
face and the center of the sphere, given by

Dcs 5 2
i nR

2FDs
@44#

Substituting into Eq. 40 yields the change in enthalpy per spher
particle

DH 5
1

cmatrix,̀ V̄matrix,̀

]H̄s

]cs
U

`

2p

175 S i n

FDs
D 2

R5 @45#

The current density about a given particle in a porous electrode
be estimated by assuming a uniform current distribution. Theni n

5 I /(aL), wherea is the interfacial area per unit volume of ele
trode andL is the electrode thickness. For spherical particlesa
5 3e insertion/R, wheree insertion is the volume fraction of insertion
material in the electrode. The number of particles per unit separ
area in an electrode can be estimated as 3e insertionL/(4pR3). Then
the enthalpy change per unit separator area is

DH 5
1

cmatrix,̀ V̄matrix,̀

]H̄s

]cs
U

`

S I

FDs
D 2 R4

e insertionL

1

1050
@46#

This equation represents the change in enthalpy upon relaxatio
pseudo-steady-state concentration gradients that were formed w
spherical particles in an electrode with a uniform curre
distribution.

Heat of mixing within cylindrical pores.—Similar to the analysis
for spherical particles, the pores of the electrolyte can be modele
cylinders with a constant current at the walls of the cylinder, wh
are formed by the particles of active material. The pseudo-stea
state concentration profile in the radial direction in the cylindric
pores is described by

]c

]t
5 D

1

r

]

]r S r
]c

]r D 5 constant @47#

whereD is the salt diffusion coefficient corrected for the effects
tortuosity andc is the salt concentration in the electrolyte, and t
boundary conditions are the same as Eq. 42. For the cylindrical
the solution is
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c 2 c` 5 S r 2

Rpore
2 2

1

2DDc @48#

where Rpore is the radius of the pore andDc 5 i nRpore/(2FD).
Substituting into Eq. 40, one obtains the enthalpy change per p

DH 5
1

c0,̀ V̄0,̀

]H̄salt

]c U
`

p

96 S i n

FD D 2

Rpore
4 L @49#

whereL is the length of the pore, which can be taken to be the sa
as the thickness of the electrode. As before,i n can be related to the
applied current density by assuming a uniform current distribut
about the active material, yieldingi n 5 IR/(3e insertionL). One can
estimate the number of pores per unit area of the electrode t
e/(pRpore

2 ), where e is the volume fraction of electrolyte. If one
assumes that the surface area of the pores is the same as that u
calculatei n , thenRpore ' 2

3e/e insertionR. This expression is approxi
mate because it ignores the effects of the conductive filler and
ticle packing on the pore radius. Substituting into Eq. 49, the cha
in enthalpy per unit separator area due to heat of mixing within
pores of an electrode is

DH 5
1

c0,̀ V̄0,̀

]H̄salt

]c U
`

S I

FD D 2 e3

L S R

e insertion
D 4 1

1944
@50#

Because the pore diameters are small and diffusion coeffici
in the electrolyte are much larger than in the electrode, pseu
steady-state concentration gradients in the pores form rapidly, on
order of hundredths of seconds in typical liquid electrolytes. B
cause the radial concentration gradients in the pores are small
component of the heat of mixing will be negligible generally.

Heat of mixing across the electrolyte.—Here we look at the hea
of mixing across the electrolyte, in the direction perpendicular to
current collectors. The concentration considered here is that a
aged over the cross-sectional area of the pores. It is this local a
age concentration which is treated under the framework of por
electrode theory. The concentration in the electrolyte will va
across the cell because of diffusion, migration, reaction, and
some cases, convection. Although the shape of the concentr
profile may be complex, we consider first the case of a linear c
centration profile

c 5 cmin 1
cmax 2 cmin

L
x @51#

and letcmax 2 cmin 5 Dc. Then

c 2 c` 5 S x

L
2

1

2DDc @52#

Equation 40 then yields

DH 5
1

c0,̀ V̄0,̀

]H̄salt

]c U
`

L

24
~Dc!2 @53#

The steady-state concentration difference across a cell with two
nar electrodes is

Dc 5
I ~1 2 t1

0 !L

FD
@54#

If the separator contains an inert filler material,D should include a
correction for tortuosity given byD 5 D`e0.5, where D` is the
diffusivity in the bulk electrolyte. Thus, for a planar cell
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DH 5
1

c0,̀ V̄0,̀

]H̄salt

]c U
`

I 2~1 2 t1
0 !2L3

24F2D2 @55#

One sees that the magnitude of heat of mixing is proportional to
square of the current and inversely proportional to the square of
diffusion coefficient.

Within a porous electrode, the concentration gradients are ste
because diffusion in the electrolyte is obstructed by the presenc
the solid particles and because reaction is distributed throughou
electrode. In general, the steady-state concentration profile in a
rous electrode is parabolic rather than linear. A linear approxima
will always slightly underestimate the magnitude of heat of mixi
in a medium with a nonlinear concentration profile. A more accur
estimation of the magnitude of heat of mixing across the electro
can be obtained by solving for the concentration profile, assum
that the profile is at steady state, the reaction-rate distributio
uniform across the porous electrodes, and that the diffusion co
cient is constant with concentration. Doyle and Newman20 present
the concentration profile for the case of a single porous catho
separator, and nonporous anode. In the Appendix, we presen
analytic form of the concentration profile for a cell with two poro
electrodes and uniform current distribution. It can be used to ob
a closed-form estimate of the magnitude of the heat of mixing.

The analysis of the Appendix assumes a uniform current dis
bution. The current distribution is generally nonuniform, as d
cussed below. A full-cell-sandwich simulation5 can be used to cal-
culate the actual concentration profile across the cell. A polynom
then can be fit to this concentration profile and used to estimate
magnitude of the heat of mixing.

Heat of mixing across the electrode.—The variation of lithium
concentration in the insertion material across the thickness of
electrode is the most difficult concentration profile to estimate a
lytically. It depends upon the current distribution as a function
time and position across the electrode. For a uniform current di
bution, all of the insertion particles experience the same rate
reaction. Then the lithium concentration across the insertion e
trode is uniform, causing this component of the heat of mixing to
zero. The opposite of a uniform current is the reaction-zone mo
in which the reaction-rate profile is a spike that moves across
electrode, consuming active material as it passes.21-23 This model is
a good approximation for electrodes with high electronic conduc
ity and electrolytes with either very high diffusivity or unity trans
ference number. An analytic solution for the current distribution a
has been obtained for the case of no concentration changes.24 How-
ever, concentration changes in the electrolyte and particularly in
insertion material have a large impact on the reaction-rate distr
tion. Most often, the current distribution is neither completely u
form nor a reaction spike, but a smoothed peak that moves ac
the electrode over time. The degree of nonuniformity depends u
several material and geometric properties. The degree of nonun
mity increases with increasing applied current; increasing the r
of electronic conductivity to ionic conductivity; decreasing]U/]cs,
the variation of the OCP with state of charge; and decreasing kin
and solid-phase mass-transfer resistance, which means incre
the rate constanti 0 , a, andDs, and decreasingR.

As described in the section on Derivation of a general ene
balance, the rate of heat of mixing across the electrode is ea
simulated using the energy balance of Rao and Newman. It will v
with time during the discharge because the derivative of the pa
molar enthalpy with concentration varies with state of charge
because the current distribution depends on the slope ofU with state
of charge.

Comparison of the magnitudes of the components of hea
mixing.—Table III shows calculated components of the heat of m
ing. The four components, within the spherical insertion particl
across the insertion electrode, across the electrolyte, and within
lindrical electrolyte-filled pores, were calculated by Eq. 46, the
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Table III. Estimated magnitudes of the components of heat of mixing.DH is the heat produced by the cell from relaxation of the pseudo-
steady-state concentration gradients.DT is the adiabatic temperature rise, equal toDH ÕCp . Results are shown for a cell with a liquid
electrolyte discharged at the CÕ3 rate for 3 h and at the 2C rate for 5 min, and for a cell with a polymer electrolyte discharged at the CÕ3 rate
for 3 h. A range of values is given for the heat of mixing within particles and across the electrode becauseH̄ Õc varies with lithium
concentration in this material. For comparison, the total resistive and entropic heat produced during the discharge also is shown.

2C for 5 min
liquid

C/3 for 3 h
liquid

C/3 for 3 h
polymer

DH ~J/m2!
Heats of mixing

within particles 795 to 4100 22 to 110 3
across electrode 1 to 34 0.1 to 19 52
across electrolyte 107 2.0 252
within pores 3.5 3 1025 1 3 1026 20.0003

Irreversible1 entropic 3690 7520 20,160
DT ~K!

Heats of mixing
within particles 0.42 to 2.2 1.2 to 5.63 1022 1 3 1023

across electrode 0.6 to 183 1024 6 to 11303 1025 0.03
across electrolyte 0.056 1 3 1023 20.03
within pores 1.4 3 1028 6 3 10210 21 3 1027

Irreversible1 entropic 1.98 4.2 11
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ergy balance of Rao and Newman, Eq. 40 using a polynomial fi
the simulated concentration profile in the cell, and Eq. 50, resp
tively. Results are presented in terms ofDH andDT. DH is the heat
per unit separator area that would be measured in an isothe
calorimeter.DT is the change in cell temperature that would occ
by the production of heatDH under adiabatic conditions.DT is
calculated byDT 5 DH/Cp . Cp for the cell examined in the calo
rimetry experiments shown below was calculated to be 1.83 103

J/m2 K based on the mass and specific heat capacity25 of the com-
ponents, including active material, electrolyte, separator, conduc
filler, and binder, but not including current collectors or packagi
SincecB,`V̄B,` is generally of order 1, it was assumed to be equa
1 in these calculations. For comparison with the heat of mixing,
total heat generated by irreversible resistive heating and rever
entropic heating, calculated from the computer simulation descr
in the section on Measured and simulated heat generation, is
given.

The cell labeled ‘‘liquid’’ is that used for the calorimetry exper
ments, whose material properties and dimensions are listed in Ta
II and I, respectively. This cell contains a porous insertion electr
of lithium manganese oxide spinel, a typical liquid organic elect
lyte, and a lithium foil negative electrode. The electrode dimensi
are fairly typical of lithium-ion cells, with the exception that th
particle size, 20mm, is on the high end of particle sizes genera
found in commercial batteries, where 10 to 15mm is more common.
Therefore, the estimate of the heat of mixing within the particles
insertion material is high in these cells. Calculations are reported
two discharge rates, 3 h at the C/3rate~12.29 A/m2! and 5 min at the
2C rate~73.7 A/m2!.

The cell labeled ‘‘polymer’’ contains LiV6O13, lithium bis~tri-
fluoromethylsulfonyl!imide ~LiTFSI! in oxymethylene-linked poly-
~ethylene glycol! ~PEMO!, and a lithium foil negative electrode. Th
behavior of this cell with several different polymer electrolytes w
described by Thomaset al.,26 and the material properties and ce
dimensions are given in detail in that paper. Table III shows ca
lations for the polymer which was termed ‘‘ideal’’ polymer electr
lyte in that paper,i.e., the transport properties of the polymer ele
trolyte at 80°C, under a current density of 10 A/m2 for 3 h. The
parameters of this cell areD 5 10211 m2/s, Ds 5 10213 m2/s, R
5 10 mm, Ls 5 50 mm, L1 5 90 mm, and e 5 e insertion5 0.4.
The enthalpy potential of this material has not been measured. H
ever, previous studies of related lithium vanadium oxides27,28 have
shown behavior similar to that of the lithium manganese ox
spinel.9 We assume a value of]H̄/]c 5 10 J m3/mol2 for lithium
o
-

al
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vanadium oxide in order to calculate the value of heat of mix
within the particles of the insertion electrode given in Table III. He
of mixing across the electrode was calculated using the energy
ance of Rao and Newman, but with entropy set to zero since no
are available.

Equation 40 states that the magnitude of the heat of mixing
be calculated given knowledge of the derivative of partial mo
enthalpy with concentration. From Eq. 28 and 18, one can see
for the electrolyte

]H̄salt

]csalt
5 2nRT2

]2 ln f 6

]T]csalt
@56#

and for the insertion electrode

]H̄s

]cs
5 2F

]UH

]cs
@57#

For the calculations shown in Table III,]H̄s/]cs was calculat-
ed from numerical differentiation of the data forUH(y) of
Li yAl0.2Mn1.8O42dF0.2 given in Ref. 9.]H̄s/]cs ranges from 0 to 24
J m3/mol2.

There are few data in the literature for the activity coefficients
organic electrolytes. Danilovaet al.29 report the activity coefficient
of LiClO4 in acetonitrile as a function of concentration at 40 a
60°C. Based on these data, we calculate that]H̄salt/]csalt is 12 J
m3/mol2. In comparison,]H̄/]c is 1.6 J m3/mol2 for aqueous sulfu-
ric acid at 1 M concentration. It is coincidental that all of the
materials release heat during the relaxation of concentration gr
ents. In contrast, data for the polymer electrolyte indicate that h
will be absorbed during relaxation of concentration gradients. St
Sloop and John Kerr~unpublished! at Lawrence Berkeley Nationa
Laboratory measured the activity coefficient as a function of c
centration at 40, 60, and 85°C for LiTFSI in PEMO. From the
data, we estimate a value of]H̄/]c 5 250 J m3/mol2.

From the calculations presented in Table III, one can draw s
eral general conclusions. Heat of mixing within particles can
significant, particularly for large particles, high current density, lo
solid diffusivity, and a large variation ofUH with concentration.
Because concentration gradients in the radial direction within po
are so small, that component of heat of mixing is negligible. T
heat of mixing across the electrode has a somewhat smaller r
with state of charge than the heat of mixing within particles. This
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because a slopingU(cs), which may often correlate with a larg

]H̄/]c depending on the entropy, causes a more uniform cur
distribution, while a flatU(cs) causes a more nonuniform curre
distribution.12 Thus the two properties which affect the rate of he
of mixing across the electrode tend to counteract each other. A
uniform current distribution, which causes heat of mixing across
electrode, often occurs in conjunction with a large concentra
gradient across the electrolyte. Thus the energy balance of Rao
Newman is inconsistent, because it calculates only one compo
of the heat of mixing. We have discussed above how these other
components of heat of mixing can be included in the energy bala
if their magnitude is deemed significant by the calculations p
sented in this section.

Rao and Newman demonstrated the importance of their en
balance by presenting simulations for a LiuLiCF3SO3-poly~ethylene
oxide!uLiMn2O4 system. The diffusion coefficient used for this ele
trolyte was 7.53 10212 m2/s while the ionic conductivity was 3.5
3 1022 S/m.5 This ionic conductivity is an order of magnitud
lower than that of the LiTFSI-PEMO polymer considered in o
work. These poor transport properties will lead to a highly nonu
form current density in the electrode and large concentration gr
ents in the electrolyte. In a previous paper, we have demonstr
that batteries containing electrolytes with such poor transport p
erties exhibit very unsatisfactory performance.26 Commercial batter-
ies will use materials with much better transport properties, or e
change the electrode dimensions to reduce the magnitude o
concentration gradients.

Figure 1. Simulated and measured cell potential and heat-generation
during discharge at the C/3 rate. Data are shown for two cells. Exothe
heat is positive.
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Measured and Simulated Heat Generation

The rates of heat generation measured in the isothermal calo
eter at 25°C are shown in Fig. 1-6. The cells were discharged
charged between voltage limits of 3.5 and 4.5 V, respectively, a
constant current of 1.229 mA/cm2 ~C/3 rate! and 0.461 mA/cm2 ~C/8
rate!. Experiments were also done at the 2C rate of 7.37 mA/c2,
using 5 min current pulses followed by 2 h of relaxation to allow all
of the heat to be measured for a given current pulse. Prior to
measurements, the cells had been cycled at least five times as
mation cycles. Exothermic heat is shown as positive in these figu
In all of the figures, five min at open circuit are shown before t
current is turned on.

The figures also show the simulated cell potential and rate
heat generation calculated from the full-cell-sandwich model. T
energy balance~Eq. 22! is called as a subroutine of the electr
chemical model dualfoil.f at the end of each time step. The ene
balance subroutine takes in the calculated cell potential and ave
state of charge in each electrode, calls a subroutine that calculatU
and ]U/]T as a function ofy, and returns the heat generated a
change in cell temperature during that time step. For compar
with the isothermal calorimetry experiments, the simulations w
run in isothermal mode. Because heat of mixing was found to
negligible in the section on Estimation of the magnitude of hea
mixing, heat of mixing was not included in these simulations. It w
also assumed that there were no side reactions. The cell is treat
1-D.

The figures show cell potential and heat generation data for
cells. One can see that the Telcordia cells are highly reproduc
indicating that there should be few artifacts from errors in cell fa
rication. An individual cell’s performance was also found to
highly repeatable.

Two parameters in the electrochemical model were adjuste
match the cell potential data, the solid diffusion coefficient and

te
ic

Figure 2. Charge at C/3 rate.
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film resistance. The solid diffusion coefficient was adjusted to ma
the cell capacity. The cell capacity could be matched at the C
C/8, C/3, and 2C rates by using a constant value of 8.43 10214

m2/s. This value is four times higher than the average value of
3 10214 m2/s measured by Darling and Newman in undop
lithium manganese oxide spinel.30

It is known that a protecting film coats both electrodes, and t
this film increases the cell resistance. Also, the composition of
film has been found to change during the course of cycling an
response to impurities in the electrolyte.31 When comparing the
simulated cell potential with the data, we found that the cell d
played a higher resistance during discharge than during charge
best fit to the simulations came from using a film resistance of 5.V
cm2 at the negative electrode during both charge and discharge,
an additional resistance of 50V cm2 at the positive electrode durin
discharge.~Using a value of 8.0V cm2 at the negative electrod
with no film resistance on the positive electrode yields similar
sults, because of the higher surface area of the positive electr!
At the 2C rate, a value of 3.0V cm2 on the negative electrode wit
no film resistance on the positive electrode was used for both ch
and discharge.

There are small discrepancies between the simulated and
sured cell potential, although the overall match is quite good o
the range of current density from C/8 to 2C. There are several
sible reasons, such as that the positive electrode material is
actually composed of uniform spheres but rather rough parti
with a distribution of radii, the solid diffusion coefficient may de
pend on concentration, the film resistance may vary with time
cycling, and all of the parameters used in the model possess s
degree of experimental error. Calculations indicate that the cell t
perature could not have varied by more than 0.5°C even at
highest currents, ruling out variable temperature as a poss
explanation.

Figure 3. Discharge at the C/8 rate.
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Comparing the model and the data during relaxation after
current is turned off gives evidence that some of the discrepanc
due to the particle-size distribution, with possibly some additio
effect from variation in the solid diffusion coefficient with state
charge. The model consistently shows a more rapid relaxation
the cell, indicative of effects due to a particle-size distribution32

although the 2C pulse data indicate that at some states of charg
cell relaxes faster than at others, indicative of a variable diffus
coefficient.

The model tends to overpredict the amount of heat generate
the 2C rate, even though the match to the cell potential is q
good. The discrepancy may be due in part to heat of mixing wit
the particles. As noted in the section on Estimation of the magnit
of heat of mixing, the heat of mixing within the particles is end
thermic during passage of current, and is significant at state
charge where the variation ofUH with y is large.

In all Fig. 1 to 6, the heat-generation rate varies with state
charge. Figure 4 shows that at least part of this variation must be
to entropic heat, because the heat generation is endothermic a
beginning of charge. To determine how much of the variation is d
to the dependence of entropy on state of charge and how muc
due to changes in cell resistance, in Fig. 7 and 8 we compare
simulations using the measured entropy of reaction~already shown
in Fig. 1 and 2! to simulations in which the entropy is set to ze
~i.e., irreversible heat only!. The figures show that most of the varia
tion in heat-generation rate with time is caused by the dependenc
entropy on state of charge, and that entropic heat is of the s
magnitude as irreversible heat at the C/3 rate. Therefore, accu
prediction of heat generation from lithium manganese oxide requ
knowledge of the entropy of reaction as a function of state of cha

The model shows a large increase in the rate of irreversible
generation at the beginning, middle, and end of the half-cycle. T
variation in cell resistance is shown again in Fig. 9, which shows

Figure 4. Charge at the C/8 rate.
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cell voltageV during the C/3 rate discharge, the OCPU, and U
2 V. U is the OCP to which the cell would eventually relax if th
current were interrupted, as a function of the amount of cha
passed.U 2 V is proportional to the total cell resistance as a fun
tion of time during discharge, and is directly proportional to the r
of irreversible heat generation, given by2I (V 2 U). The times
when the cell resistance is high correspond to states of charg
which U varies steeply withy. The reason is that there is a finit
resistance to mass transfer in the solid particles, so the surface
centration is somewhat higher than the average concentra
Profiles of lithium concentration in the solid~given as y in
Li yAl0.2Mn1.8O42dF0.2) are shown in Fig. 10. It is the concentratio
at the surface of the particle which affects the cell potential, wh
the average concentration determines the OCP. If the therm
namic potential of the insertion material varies steeply withy, then,
for a given concentration gradient, the cell voltage will differ mo
from the OCP than whenU is more constant withy. The lost ability
to do electrical work is manifest as irreversible heat generation

As mentioned in the section on Estimation of the magnitude
heat of mixing, the magnitude of the concentration gradients de
mines the magnitude of heat of mixing. Concentration profi
within the solid particles, across the electrolyte, and across the e
trode are given in Fig. 10, 11, and 12. These concentration pro
were used for the calculations of the heat of mixing given in Ta
III. Figure 10 gives the radial concentration profile within a so
particle located at the separator-positive electrode boundary.
concentration profile reaches pseudo-steady-state within 5 min,
there are moderate diffusion limitations. Figure 11 shows the e
trolyte concentration profiles across the cell at different times.
see that, in this liquid electrolyte with good transport properti
concentration gradients reach pseudo-steady state within 5 min

Figure 5. 5 min discharge current pulses at the 2C rate followed by 115
relaxation.
e

in

n-
n.

y-

f
r-

c-
s

e
d
-

,
nd

the difference in concentration across the cell is small.
The inserted lithium concentration changes across the elect

because of the nonuniformity of the reaction-rate distribution. T
reaction-rate distribution at different times~10, 40, 50, 60, 90, 110
130, and 170 min! during the C/3 rate discharge is given in Fig. 1

Figure 6. 5 min charge pulses at the 2C rate.

Figure 7. Total simulated heat-generation rate~with the measured
]U(y)/]T) and irreversible component (]U/]T 5 0) for a C/3 rate dis-
charge.
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Initially, the reaction rate is higher closer to the separator. As ac
material is consumed at the front of the electrode, the reaction s
more to the back of the electrode~at 60 min!. When the steep part o
U(y) neary 5 0.5 is reached~at 90 min!, the reaction-rate distri-
bution is more uniform, as noted by Fulleret al.12 A second wave of
current then passes over the electrode as the 4.05 V platea
consumed.33 This variation of the reaction-rate distribution give
rise to the profiles shown in Fig. 12. The ‘‘local average’’ conce
tration given in this figure is the average over the volume of
sphere;i.e., the average over the profile given in Fig. 10. For ease
comparing the profiles~in which the gradients are small!, the con-
centration is normalized by the overall average concentration in
electrode at that time. The overall average concentration is ca
lated from the total capacity of the electrode and the total cur
that has been passed up to that point in time.

As mentioned in the section on Calorimetry, the purpose of
work is to compare a model to calorimetry data, and for ease
comparison the thermal time constant present in the calorimeter
added to the simulations. The comparison between simulations
data at the 2C rate~Fig. 5 and 6! demonstrates the accuracy wi

Figure 8. Total and irreversible component of heat generation for C/3 r
charge.

Figure 9. Cell voltage, the equilibrium potentialU, andU 2 V during a C/3
rate discharge.
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which the time constant was added to the simulations; without
time constant, the simulated heat generation would appear as 5
spikes instead of smooth curves over 2 h. Figure 14 displays
effect of adding the time constant at the C/3 rate. The time cons
has a lesser effect at slower rates~i.e., when the heat generation doe
not vary so quickly with time!. The inset to Fig. 14 shows the he
generated upon relaxation of concentration gradients across th
sertion electrode after interruption of the current, as calculated f
the energy balance of Rao and Newman.

Figure 15 shows measured heat-generation profiles from C/3
discharges at 15, 20, 25, and 30°C. The differences are small.
charges and charges at the C/8 and 2C rates also yielded result

Figure 10. Solid lithium concentration as a function of radial position acro
a particle of insertion material located at the separator-electrode boun
Time in minutes during the C/3 rate discharge is given as a parameter.

Figure 11. Electrolyte concentration as a function of position across the
at different times during a C/3 rate discharge. The profiles do not cha
substantially after 5 min, and the concentration gradients are small.
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varied little with temperature between 15 and 30°C. The differen
at the beginning of discharge at 15 and 20°C are caused by the
that the cells started at a slightly lower state of charge. The sta
OCP was 4.31, 4.34, 4.45, and 4.44 V for the discharges at 15
25, and 30°C, respectively. Simulations at different temperatu
were not performed.

Figure 12. Local average lithium concentration in the insertion electrode
a function of position during a C/3-rate discharge, normalized by the ave
concentration over the entire electrode. Time in minutes is indicated
parameter.

Figure 13. Reaction rate as a function of position across the cathode du
a C/3-rate discharge. Time in minutes during the discharge is indicated
parameter.
s
ct
g
0,
s

Conclusions

Heat generation from a 1-D cell of uniform temperature with
porous insertion electrode has been measured and simulated us
full-cell-sandwich simulation. Using only the film resistance as
fitting parameter, we have demonstrated the ability to match clo
both the experimental cell voltage and also the rate of h
generation.

Order/disorder arguments predict that the entropy of reaction
insertion compounds will vary with state of charge, and even cha
sign. Therefore, a model of the heat-generation rate should inc
the dependence ofDS on state of charge. For cells in which bot
electrodes are porous insertion electrodes, measuremen
]U(y)/]T of each electrode with respect to a lithium reference el
trode at the same electrolyte concentration is needed for the ca

e
a

g
a

Figure 14. Demonstration of how much the actual heat-generation signa
distorted by the time constant~‘‘lag’’ ! in the calorimeter. Shown are C/3-rat
discharge heat-generation profiles with and without a time constant ad
The circled region is enlarged in the inset to show the heat released
relaxation of concentration gradients across the electrode.

Figure 15. Heat-generation profiles for C/3-rate discharge at four tempe
tures, as measured in the isothermal calorimeter.



f
n
o

rg

ro
m

en
fo

ing

ix-
t o
ctr
an

o
by
En
rid
on

ia

ll i
uti

ion
of
h th
s, a
. 1
egi
te,

ical
ing

ces
oblem

alized

Journal of The Electrochemical Society, 150 ~2! A176-A192 ~2003!A190
lations. For the specific chemistry investigated, Liu1 M LiPF6 in 1:1
EC:DMCuLi yAl0.2Mn1.8O42dF0.2, the entropic heat generation is o
the same order of magnitude as the irreversible heat generatio
the C/3 rate, and accounts for much of the variation in the rate
heat generation with time during charge and discharge.

The irreversible heat generation also varies with state of cha
It is higher whenU varies more steeply withy.

Because the concentration gradients in the electrolyte and ac
the electrode are small in this cell, heat of mixing from these co
ponents is negligible. Heat of mixing within the~rather large diam-
eter! particles may explain some of the overprediction of heat g
eration at the 2C rate. However, heat of mixing is not responsible
much of the variation in the rate of heat generation with time dur
the C/3 rate discharge.

A realistic battery in whichL, R, ande are properly designed to
mitigate mass-transfer limitations generally will exhibit heat of m
ing which is small compared to entropic and resistive heat. Hea
mixing within particles, across the electrode, and across the ele
lyte can be of the same order of magnitude depending on the tr
port properties, electrode dimensions, and]H̄/]c.
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Appendix

Steady-state Concentration Profile

Here we derive the steady-state concentration profile in the electrolyte of a ce
which the positive and negative electrodes are both porous and the current distrib
within the porous electrodes is assumed to be uniform. This analysis is an extens
the original work by Doyle and Newman.20 Doyle and Newman considered the case
a cell with one lithium foil electrode, one porous electrode, and a separator in whic
porosity was set to 1. Here, we extend the analysis to have two porous electrode
we leave the porosity of the separator as a variable. The situation is pictured in Fig
To be consistent with the notation of Doyle and Newman, we denote the anode as r
3, the cathode as region 2, and the separator as region 1. For a binary electroly
mass balance for the salt is6

e
]c

]t
5 ¹e1.5DS 1 2

d ln c0

d ln c D¹c 1
t2
0 ¹ i 2 1 i 2¹t2

0

z1n1F
2 ¹cvo 1 a j2

@A-1#

wherei 2 is the current density in the electrolyte andvo is the velocity of the solvent. For
steady-state conditions, constant physical properties~except for the effect of porosity on
the diffusion coefficient!, no convection, and the case in which the electrochem
reaction involves only the lithium ion, this equation reduces to the following govern
equation for the concentration in each region

Figure 16. Schematic of the three regions in a dual-insertion cell.
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0 5 ek
1.5D

d2ck

dx2 1 ak j k~1 2 t1
0 ! @A-2#

where k denotes region 1, 2, or 3.j 1 is zero~there is no reaction in the separator!. The
boundary conditions are that there is no flux at the current collectors (x 5 0 and
x 5 L2 1 Ls 1 L1), the concentrations and fluxes are continuous at the interfa
between regions, and total mass is conserved. One can nondimensionalize the pr
by y 5 x/Ls , r 5 L1 /Ls , q 5 L2 /Ls , and Qk 5 ck /c0 , wherec0 is the average
concentration across the cell. In addition, the reaction rate can be nondimension
and related to the applied current density byJ2 5 2I (1 2 t1

0 )Ls
2/FDc0e2L1 and

J3 5 I (1 2 t1
0 )Ls

2/FDc0e3L2 . Then the governing equations are

0 5 e2
0.5 d2Q2

dy2 1 J2 @A-3#

0 5 e1
0.5 d2Q1

dy2 @A-4#

0 5 e3
0.5 d2Q3

dy2 1 J3 @A-5#

with the boundary conditions

dQ2

dy
5 0 at y 5 1 1 q 1 r @A-6#

dQ3

dy
5 0 at y 5 0 @A-7#

Q2 5 Q1 at y 5 1 1 q @A-8#

Q3 5 Q1 at y 5 q @A-9#

e1
1.5 d2Q1

dy2 5 e2
1.5 d2Q2

dy2 at y 5 1 1 q @A-10#

and

1

1 1 p 1 q E
0

11p1q

Qdy 5 1 @A-11#

The solution to this set of equations is

Q1 5
e2J2r

e1
1.5 y 1 B @A-12#

Q2 5 2
J2

2e2
0.5 y2 1

J2

e2
0.5 ~1 1 q 1 r !y 1 E @A-13#

Q3 5 2
J3

2e3
0.5 y2 1 G @A-14#

where

B 5 1 2
1

1 1 q 1 r F J3q3

3e3
0.5 1

e2J2r

e1
1.5 ~q2 1 q 1 rq 1 r 1 0.5!G

1
J2

3e2
0.5 F rq 1 r 2 r 2 2

r ~1 1 q!2

1 1 q 1 r G @A-15#

E 5 B 1
e2J2r

e1
1.5 ~1 1 q! 1

J2

2e2
0.5 ~1 1 q!2

2
J2

e2
0.5~1 1 q 1 r !~1 1 q! @A-16#

and
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G 5 B 1
e2J2rq

e1
1.5 1

J3q2

2e3
0.5 @A-17#

A useful outcome of this derivation is that the limiting current can be found
setting Q2 , the salt concentration in the cathode, to zero aty 5 1 1 q 1 r . The
limiting current in a cell with two porous electrodes and uniform current distribut
across those porous electrodes is

I lim 5
FDc0

~1 2 t1
0 !Ls f ~q,r ,e1 ,e2 ,e3!

@A-18#

where

f 5
1

3e2
1.5 S q 1 1 1

r

2
2

1 1 q

1 1 q 1 r D 1
1

e1
1.5 S q 1 0.5

1 1 q 1 r D
1

q2

3e3
1.5~1 1 r 1 q!

@A-19#

For the purpose of estimating the heat of mixing using the method presented i
40, one is interested in calculating*(c 2 c0)2dx. Using the concentration profile given
in Eq. A-12 to A-14, one finds

E
0

L21Ls1L1

~c 2 c0!2dx

5 c0
2LsH J3

2q5

20e3
2

J3

e3
0.5

~G 2 1!q3

3
1 ~G 2 1!2q

1 ~B 2 1!2 1
e2

2J2
2r 2

3e1
3 ~3q2 1 3q 1 1! 1

e2J2r

e1
1.5 ~B 2 1!~2q 1 1!

1
J2

2

20e2
@~1 1 q 1 r !5 2 ~1 1 q!5# 2

J2
2

4e2
~1 1 q 1 r !@~1 1 q 1 r !4

2 ~1 1 q!4# 1 F J2
2

3e2
~1 1 q 1 r !2 2

J2~E 2 1!

3e2
0.5 G

3 @~1 1 q 1 r !3 2 ~1 1 q!3# 1
J2

e2
0.5 ~1 1 q 1 r !

3 ~E 2 1!@~1 1 q 1 r !2 2 ~1 1 q!2# 1 ~E 2 1!2r J @A-20#

Substituting this expression into Eq. 40 gives a closed-form expression to est
the magnitude of heat of mixing across the electrolyte.

List of Symbols

a surface area of active material per volume of electrode, m21

c salt concentration in the electrolyte, mol/m3 of solution
cij concentration of species i in phase j, mol/m3

cs concentration of lithium in the solid insertion electrode, mol/m3

Cp heat capacity, J/K
C̄pi partial molar heat capacity of species i, J/mol K

D salt diffusion coefficient~m2/s!
Ds diffusion coefficient of lithium in an insertion electrode, m2/s
f 6 mean molar activity coefficient of an electrolyte
F Faraday’s constant, 96487 C/equiv
H enthalpy of the system, J

H̄ i partial molar enthalpy of species i, J/mol
DH enthalpy of reaction, J/mol

i n transfer current density normal to the surface of the active mate
A/m2

i 0 exchange current density, A/m2

I total current~A! or current density in the cell, A/m2

j i,n flux of species i normal to the electrode interface due to electrochem
reaction, mol/s m2

L thickness of an electrode, m
L1 , Ls , L2 thickness of positive electrode, separator, or negative electrode, m

M i symbol for the chemical formula of species i or molecular weight, g/m
ni number of moles of species i
n number of electrons involved in a half-cell reaction
P pressure, N/m2

Q̇ heat-generation rate, W
r radial position across a spherical particle, m

r k rate of chemical reaction k, mol/s
R universal gas constant, 8.3143 J/mol K, or radius of a particle, m

Rfilm effective resistance of a solid-electrolyte interphase,V cm2
q.

te

,

l

s stoichiometric coefficient, positive for anodic products
S entropy of a system, J/K

DS entropy of reaction, J/K
t time, s

t i
o transference number of species i with respect to the solvent velocity
T temperature, K
U thermodynamic potential measured with respect to a lithium refere

electrode, V
UH enthalpy potential, V

v differential volume element, m3

V volume of the system, m3

V cell potential, V
V̄ partial molar volume, m3/mol
W work, J
x position across cell~m! or stoichiometry of lithium in a negative

insertion material
y stoichiometry of lithium in an insertion electrode
zi charge of ion i

^ & evaluated at the local average concentration

Greek

a transfer coefficient
e volume fraction~of electrolyte unless otherwise specified!
m chemical potential, J/mol
n i moles of ion i produced when a mole of its salt dissociates
n number of moles of ions into which a mole of electrolyte dissociates
r density, kg/m3

P i Peltier coefficient of electrode i, V

Superscripts

avg evaluated at the overall volume-average concentration
o property is with respect to solvent velocity or initial condition
ˆ intensive property per unit mass

; intensive property is per mole

Subscripts

i species i
k index for a chemical reaction
l index for an electrochemical reaction

lim limiting current
n electrochemical flux normal to surface of active material

ref reference electrode
s inserted lithium

salt salt in an electrolytic solution
2 anion
1 cation
` bulk property or volume-averaged value
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